The magnetic moment of a closed loop with a steady current distribution is thoroughly described in many classical physics textbooks. Although usually the examples studied assume plane loops for explicit calculations of the magnetic moment, many other loop forms can be calculated. Among them, there are the torus knots. In this work, we explain how to calculate the magnetic moment of such current arrangement, and how it can be used as an interesting example that, even on threedimensional loops, the magnetic moment can be taken as a simple product of the current and the vectorial area of the loop.
I. INTRODUCTION
In order to present an alternative to a steady current distribution that is not contained in a plane, we turn our eyes to the torus knot. Such arrangement is well known in the field of knot theory, that began with a series of papers published in 1877 by P. G. Tait, addressing the enumeration of knots. The motivation for such study was Lord Kelvin's theory of the atom. The theory stated that chemical properties of the elements were related to knotting that occurs between atoms, implying that insights into chemistry would be gained with an understanding of knots 1 .
The importance and prevalence of knots have become truly apparent and this has attracted increasing interest from scientists in different fields. In nature, molecular knots (including slipknots and pseudo-knots) are found throughout biology and exist in three major classes of biopolymers: DNA, RNA and proteins [2] [3] [4] [5] . Molecular knots are increasingly becoming targets of chemical synthesis. 6, 7 . References to knots can also be found in fundamental areas of physics, such as particle physics 8,9 and electromagnetism 10, 11 .
One of the ways to characterize the interaction of systems with external fields is through its magnetic dipole [12] [13] [14] . Some models have been proposed to mathematically define these dipoles, mainly due to the fact that the magnetic dipoles are the most basic structure of magnetism, considering the non-existence of magnetic monopoles [15] [16] [17] [18] . Taking these considerations into account, and realizing that dipole moments play an important role in the training of a physicist, we are able to connect knots and dipole calculations, providing an option to the dipole calculation of a non-planar loop.
A knot means a self-entangled closed loop that cannot be unraveled except by cutting the loop. The torus knot is a particular knot geometry, satisfying the condition that they all lie on a donut-shaped surface (i.e., a torus). The class of a torus knot is uniquely identified by a pair of relatively prime integers p and q; x(t) = [R + εcos(qt)]cos(pt),
with a variable t (0 ≤ t ≤ 2π). The two constants R and ε (0 < ε < R) are called the major and minor radii of the torus, respectively; ε is the radius of the tube of which the torus consists, and R is the radius of the circle made of the tubular axis. In the following, we assume that p, q > 0 without loss of generality; this is because the (p, −q) torus knot is the mirror image of the (p, q) torus knot and the (−p, −q) torus knot is equivalent to the (p, q) torus knot except for the reversed orientation.
II. MAGNETIC MOMENT CALCULATION
We use the vector potential method to find the magnetic field of a small loop of current.
By small we mean simply that we are interested in the fields only at distances large compared with the size of the loop. In making the multipole expansion of the vector-potential, it will turn out that any small enough loop can be approximated by a magnetic dipole.
This magnetic dipole vector potential can be written in terms of a quantity called magnetic moment, that can be expressed in the SI units system by
where I is the electric current circulating in the loop. To determine m we have to define r and d l in the case of the torus knot, which is done in Fig. 2 . Visibly the position vector r is directly identified by the parameterization defined in Eq.
(2). The infinitesimal displacement in the metric space, can be defined as d l = dxx + dyŷ + dzẑ, that can be written with respect to the parametric variable t as
Taking this into a account we are able to write:
Eq. (4) is a generalization, that can be used to compute the magnetic moment of any smooth parametric curve. Substituting this result in Eq. (2), we get
Now, using the torus knot parametrization, one can calculate the magnetic moment of the torus knot arrangement, that is expressed by:
The formula in Eq.(6) describes how the knotted geometry will be affected by an external magnetic field. Two main aspects need discussion, the first one is that due to the symmetry of the knot, the magnetic moment has non-zero component only in the direction of higher symmetry. The second one is the fact that it is independent of q From this result, we are able to discuss an important characteristic. The fact that the cross product in Eq. (2) forms the area of the loop when integrated. When the discussed loop is planar, the vectorial area of the loop is usually simple to determine. To make our point, let us define the area of the orthogonal projection of the knot onto the x − y plane as
Plugging into this formula the parametric curve of the torus knot, we get the area of the torus knot as seen from the z axis, which results in:
The similarity of Eq. (6) and Eq. (8) is the main point of this work. We are able to see that, for such system, the vectorial area of the knot can be taken as the projection that the knot makes onto the plane perpendicular to its direction of higher symmetry, in this case theẑ direction. Taken this into account, we are able to discuss the problem of an elliptical loop that has a static current. The loop has been folded as shown in the Fig. 3 . This problem can be viewed as two half ellipses in perpendicular planes from each other, each with a current with the same intensity as shown in Fig. 4 . Note that the the AB segment, at the intersection of the half ellipses, has currents with the same intensity, but in opposing directions, making the total current in the intersection zero, which turns this system equivalent to the one proposed in Fig. 3 .
This way the problem is reduced to find the magnetic moment of two half ellipses, that can be obtained from the product of the area of each loop and the corresponding current, since both of them are planar loops. Considering that the major axis of the ellipses is taken as a and the minor as b, from the coordinate system proposed in the Fig. 4 we have:
Another way to obtain this magnetic moment is to apply the same idea of the projection, used for the trefoil. In order to accomplish this we rotate the bent loop so that the axis of higher symmetry coincides with the z axis. To achieve that, let us rotate the loop 45 degrees counter-clockwise around theŷ axis. This way we get the configuration shown in Fig. 5 , that is the view of the loop as seen from theŷ axis.
Comparing the projection of the folded loop with the original ellipse we realize the the minor axis does not change, but the major axis is altered becoming a = acos(π/4). Using this we are able to calculate the magnetic moment as
If we now rotate back the loop, and so also rotate back the magnetic moment, we get: 
In vector form, it yields:
that is the exact same result as we obtained in Eq. (9).
III. CONCLUSION
Taking in account the given results, we realize that, for loops that extend outside of a plane and have an axis of symmetry, the magnetic moment can be calculated as the product of the current and the area of the projection of the loop onto the plane normal to its axis of symmetry. Such realization greatly simplifies the calculation of magnetic moments of non-planar loops. We hope that this result will be helpful as a pedagogical tool and for gaining a deeper understanding of systems with torus knot symmetry.
